Abstract-Many fuzzy control schemes used in industrial practice today are based on some simplified fuzzy reasoning methods, which are simple but at the expense of losing robustness, missing fuzzy characteristics, and having inconsistent inference. The concept of optimal fuzzy reasoning is introduced in this paper to overcome these shortcomings. The main advantage is that an integration of the optimal fuzzy reasoning with a PID control structure will generate a new type of fuzzy-PID control schemes with inherent optimal-tuning features for both local optimal performance and global tracking robustness. This new fuzzy-PID controller is then analyzed quantitatively and compared with other existing fuzzy-PID control methods. Both analytical and numerical studies clearly show the improved robustness of the new fuzzy-PID controller.
I. INTRODUCTION
T HE MAIN idea of fuzzy logic control (FLC) was introduced by Zadeh [1] , and first applied by Mamdani [2] in an attempt of controlling structurally ill-modeled systems. FLC has two main parts that need to be designed: one is the control structure composing of rules and gains and the other is a fuzzy reasoning method.
Various inference for the fuzzy reasoning method have been proposed, including the compositional rule of inference (CRI) [3] , evidence reasoning [4] , approximate analogical reasoning approach based on similarity measures [5] , triple implication method [6] , and so on. The most popular inference method is perhaps the CRI method. However, [7] discusses the robustness problem of various inference methods in terms of -equalities of fuzzy sets [8] , i.e., how errors in premises affect consequences in fuzzy reasoning, and arrives at the conclusion that the robustness of the CRI methods is not very satisfactory. It is well known that this traditional fuzzy reasoning has inconsistent inference outcomes.
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L. Zhang extension of) the classical logical inference process. From the control perspective, the processes of the other methods are of open-loop but the optimal fuzzy reasoning method is of closed-loop with some objectives of performance optimization.
Owing to the closed-loop characteristic, the optimal fuzzy reasoning method, which introduces the feedback optimization into traditional fuzzy reasoning, can significantly improve robustness and consistency. Although systematic analysis and design for FLC are still considered premature in general, significant progress has been gained recently in the pursuit of this technology. FLC structure can be classified into different types [11] , and the most popular one for the low-level control purpose is PID type of FLC [12] , [13] . Significant research efforts have been spent on controllers design of the fuzzy-PID type [12] , [14] - [19] , including its simplified versionsoffuzzy-PD [20] , [21] andfuzzy-PI [22] controlfordifferent applications. Comparisons between fuzzy control and its conventional control have also been reported from different viewpoints [23] - [29] . As the rule base conveys a general control policy, it should be sustained throughout the control process, leaving most design and tuning work to the scaling gains of the controller [30] . However, many of these analyzes and comparisons are qualitative or descriptive due to the lack of a precise mathematical model of the inference logic. A quantitative model for the max-min inference logic was first introduced by Ying [31] for analysis of the Mamdani-type of FLC, which was lately modified by Li [32] for the case of a linear rule base. On the other hand, most FLC is based on the simplified fuzzy reasoning [33] , which loses much of the original fuzzy characteristics and therefore usually affect the robustness. A proper integration of the fuzzy reasoning method and its outer control structure is obviously crucial for achieving optimal control performance.
In this paper, an improved robust fuzzy-PID control scheme is proposed by incorporating the optimal fuzzy reasoning into the well-developed PID type of control framework [13] . The model of the optimal fuzzy-PID control is developed here by using the quantitative method [31] , [32] , which will then be compared with the existing fuzzy-PID control schemes based on other reasoning methods. Finally, simulation study is reported, which demonstrates the robustness of the proposed reasoning method and the effectiveness of its integration with the PID type of control structures.
II. FUNDAMENTALS OF FLC

A. Fuzzy-PID Control Structure
There are different types of fuzzy-PID controllers [16] . One of the earliest and very effective structures use a two-dimensional linear rule base with standard triangular membership functions (MFs) [13] , which actually combines fuzzy-PI and fuzzy-PD controllers, as shown in Fig. 1 . And it is a very simple controller. There are four input/output scaling gains, , for control action adjustment, where the input gain ratio is defined as .
B. Three Inference Methods
In this paper, three kind of fuzzy reasoning methods (FRMs) will be studied. These are simplified, traditional and optimal FRM, respectively. Simplified FRM treats crisp input value as a singleton, which is a nonfuzzy variable. The traditional FRM treats both premises and consequences as "real" fuzzy variables and forms an inference space via the implication operation. This inference space is discretely represented by a fuzzy relation matrix , which can be obtained off-line from the rule base. The simplified FRM is usually used by the FLC due to its relatively small computational burden. The optimal FRM introduces the idea of optimization and feedback into the reasoning process of the traditional FRM. Their key difference is clearly explained by comparing Fig. 2 with Fig. 3 .
The basic idea of the optimal FRM is explained as follows.
• Suppose that rule base which can be expressed as a fuzzy relation matrix is gained from the experience of an expert, i.e., heuristic rules or data. Then, one should trust and treat it as a reference for reasoning evaluation.
• While in the process of inference, if a fuzzy premise is given, a corresponding consequence will be generated (through ) via the inference method. Then, this pair of and form a new relation matrix , which unfortunately is different from the original for most FRMs. • In the proposed optimal reasoning method, the feedback introduced in the reasoning will search for the best from the consequence domain, so as to minimize the "reasoning error" defined by . For the existing FRMs, . In the optimal reasoning process, may be analytically gained in some cases, but in most cases it must be gained from some existing optimization methods. The basic idea is to continuously adjust according to the change of and stop computing when satisfies a given criterion, because analytically evaluating is often complicated and impractical.
It can be easily seen that the optimal FRM treats the fuzzy reasoning as a process of optimization instead of a process of logical inference. Since the inner loop is in the feedback loop, the effect of the disturbance in the fuzzy reasoning process, such as the perturbation of reasoning premises due to the noise of inputs, can be greatly reduced [10] . Since the inner loop will help the local performance more, and the outer loop will help the global performance more, the combination of these two loops will clearly yield a better performance.
III. MODELS OF DIFFERENT FRMS
A. FRM With Linear Rule Base and Standard Triangular MFs
The fuzzy-PID shown in Fig. 1 has two inputs and one output. All fuzzy variables are normalized to the same domain, , each of them has number of triangular MFs ( is odd number) with equal spread of 2W as shown in Fig. 4 . The grades of MFs are represented by . A linear rule base is used, for which an example with = 3 is shown in Table I .
The rule base plane can be decomposed into many inference cells (ICs) with output rules ( , and ) on its four corners, as shown in Fig. 4 [32] . The inference can be operated on these ICs. Four different types of ICs are generated in terms of different , and , as follows:
The total number of ICs in a linear rule base is with from type 1, from type 2, from type 3, and from type 4. The percentages of these four types of ICs in a linear rule base are , and , respectively. When is large enough, most ICs in the rule base are type 1, particularly around the equilibrium point or far away from the boarder. Therefore, only type 1 IC is considered in this study.
Analysis of the rule base can be simplified to the analysis of type 1 inference cell . As shown in Fig. 5 
with
B. Model of the Simplified FRM
Most FLC schemes use a simplified FRM with different operators, such as the max-min, sum-product, etc. The sum-product method is chosen for the simplified FRM in this paper with the inference output expressed as where . Using (1), the same inference output will be obtained in four regions in each IC, as shown in (2), at the bottom of the page.
With this simplified FRM, the fuzzy-PID scheme shown in Fig. 1 can be easily derived, as
This actually is a conventional PID controller with proportional gain , integral time constant and derivative time constant , where (3-2) with .
C. Traditional FRM
The max-min method is chosen for the traditional FRM in this paper. With the linear rule base and standard triangular MFs, it gives the same inference output as the simplified FRM with the max-min method [32] .
The fuzzification result (reasoning premise) is first given as follows.
1) for for . 2) for and . Then, the fuzzy relation matrix is formed as follows. Finally, the fuzzy inference is defined as (5-1) with inference output
From Appendix A, the model of the traditional FRM is obtained as (6) Then, the model of fuzzy-PID in Fig. 1 with traditional FRM becomes (7) with the nonlinear parameter defined in (6) . (2) This actually is a nonlinear PID controller plus a relay, , with proportional gain , integral time constant and derivative time constant , where
D. Optimal FRM
For the optimal FRM, the reasoning premise and the fuzzy relation matrix can be formed in the same way as the traditional FRM. The objective function of optimal FRM is chosen as with as (4) and the first equation shown at the bottom of the page, where is the reasoning consequence.
The optimization of the complex function can be further decomposed into three simple optimization functions, , in and in (8) , as shown at the bottom of the page. The optimization scheme divides IC into nine subregions,
, where different outputs are generated. The lines that enclose can be figured out from Appendix B and they are expressed as , and , respectively. The output of the fuzzy reasoning is expressed as (9) where and are chosen to minimize and in (8) .
From Appendix B, the reasoning output is found to be with (10) Similar to (7), the model of the fuzzy-PID control in Fig. 1 with the optimal FRM becomes (11) with defined same as in (10). This is a nonlinear PID controller plus a relay, , with proportional gain , integral time constant and derivative time constant , defined as When the control process is on the equilibrium state, only depends on .
IV. THEORETICAL ANALYSIS
Fundamental features of the three methods are analyzed and discussed, including their stability and robustness in process control.
A. Mathematical Explanation
From (2)- (11) and Figs. 5 and 6, one can arrive at the following conclusions.
(8) 1) There is an adjustable parameter for the traditional FRM and a group of adjustable parameters for the optimal FRM; however, there is no adjustable parameter for the simplified FRM. 2) When is on the boundary of , where the inference results of both traditional and optimal FRM are the same as that of the simplified FRM.
3) When are in in Fig. 6 , both the traditional and the optimal FRMs have the same inference output, which however is different from that of the simplified FRM. 4) The simplified FRM is actually a conventional PID controller; the traditional FRM plays the role as a nonlinear PID controller with a varying parameter plus a relay C; the optimal FRM behaves as a variable structure controller with a group of varying parameters , which make it become: • a PID plus a relay C in regions of ; • a PD plus a relay C in regions of ; • a PI plus a relay C in regions of ; • a relay control C in region .
B. Feature of Sliding Mode Control
The model of the three FRMs, (3), (7), and (11), can be expressed in terms of the sliding mode structure, as follows: In view of sliding-mode control [34] , the equivalent control term is to push the system trajectory toward the sliding surface (it handles the major nonlinearity) and the switching control term is to maintain the trajectory on the sliding surface (it deals with the unmodeled dynamics). A fuzzy-PID controller on either the traditional or the optimal FRM usually displays the feature of sliding mode control. However, the one in the simplified FRM has very little feature of sliding mode because of the missing equivalent control term. Since both equivalent and switching control terms in the optimal FRM are more flexible than the one in the traditional FRM, the control in the optimal FRM can handle more complex processes than the one in the traditional FRM, and thus should have a better performance in more realistic situations.
C. Robustness Analysis
The issue of robustness in control systems is for the stability and performance that the control system can maintain under parameter perturbations and external disturbances. Previous work [9] , [10] has shown that the optimal FRM can improve the reasoning robustness under perturbations of rule base and fuzzy premises. Here, the robustness of the optimal FRM will be further discussed.
1) Structure Robustness of the System: When the control law or the plant parameter varies, it can be considered as a perturbation of the rule base, from the correct one, to the current one, , as shown in Fig. 7 , where and the line is a perpendicular bisector of the line . For the same rule base, different FRMs still get different inference results. So, the new fuzzy relation matrix , which is produced under the given reasoning premise, has a nonzero distance to . Assume that the optimal FRM produces with distance to and the other FRM produces with distance to . In Fig. 7 , is the origin and the correct rule base in the control, and is the nominal rule base, with . Definition of the optimal FRM gives . From the nature of the perpendicular bisector, should be on the left side of line . Since appears inside the circle centered at with the radius . Therefore, has a large probability to be on the left side of line , i.e.,
. In other words, the optimal FRM has better robustness to the perturbation of the rule base. 
2) Statistics Based Robustness to External Disturbance:
When the reference signal varies or noise appears in the control loop, they can be considered as disturbances to the fuzzy reasoning premises. Previous work [10] has shown better robustness of the optimal FRM against errors in the premises than the CRI method in Monte Carlo simulations.
Since the results are measured in the statistical sense, the robustness should be measured in terms of probability . First, compare with the three methods when is fixed and is changing from 0 to 1. A smaller means a better robustness here. Then, the probability , that one method is better than, equal to and worse than another method on robustness, are obtained via integration over the whole IC area. The following results (12)- (14) are derived from (2) and Appendices A and B.
1) Simplified FRM (12) 2) Traditional FRM (13) where regions are classified in Fig. 5 . 3) Optimal FRM (14) where regions are classified in Fig. 6 . The following conclusions are drawn from Appendix C.
• Robustness of the traditional method is better or worse than the simplified one in probability of 0.688 or 0.312, respectively.
• Robustness of the optimal method is better or worse than the simplified one in probability of 0.698 or 0.302, respectively.
• Robustness of the optimal method is better than, equal to, or worse than the traditional one in probability of 0.161, 0.75, or 0.089, respectively. Thus, the optimal method has the best robustness in view of probability and the simplified one is the worst in this comparison.
V. SIMULATION
A fuzzy-PID controller shown in Fig. 1 , with the linear rule base given in Table I and some standard triangular MFs, is chosen to control the plant (15) The design of the scaling gains follows the well-known Ziegler-Nichols method [35] . Using the frequency method, the ultimate gain and frequency and are obtained for gain calculation. Since the plant is relatively simple, the derivative action is not necessary and can be chosen as zero for simplicity. Thus, the classical PID control parameters will be chosen as (16) Since the fuzzy-PID controller in the simplified FRM is actually a conventional PID controller shown in (3), its PID gains in (3-2) can be chosen to be the same as that of the well-tuned classical PID controller in (16) . Using (3-2) and (16), one can easily derive and select the following gains:
From (3-2) we know that the solutions of is not unique, but the performance with different solutions on the steady state are same, which is displayed in simulations. And different solutions are equivalent to the same PID parameters . For the plant (15) without perturbation and noise, the performances of the fuzzy-PID controller with three different FRMs are compared in Fig. 8 , which clearly demonstrates that three fuzzy-PID methods all have good response. In the following simulations, reference signal is a unit step, simulation time is 150 s and sampling step is 0.01 s.
A. Robustness Against System Perturbation
The simulation steps are summarized as follows. (15) adds, the responses of all the three methods become worse. On condition that control system has an acceptable performance, that is, the relative error is lower than 2%, the larger the range of the parameter is, the better the robustness of control method is. Assume that the plant (15) is perturbed to (17) The performances of the fuzzy-PID controller with three different FRMs are compared in Fig. 9 , which clearly demonstrates better robustness of the optimal FRM against system perturbation in the plant.
Case 2: Under Controller Perturbation: When the parameter in the controllers greatly adds, the responses of the three methods all become worse. Similar to the above, the larger the range of is, the better the robustness of control method is. The controller input gain is perturbed from 1 to 8. The performances of the fuzzy-PID controller with three different FRMs are compared in Fig. 10 , which clearly demonstrates better robustness of the optimal FRM against system perturbation in the controller. 
B. Robustness Against Noise
When noises are added to control system, the responses of the three methods all become worse. Inputs of the fuzzy-PID controller in Fig. 1 are added with uniformly distributed noises , to become . The performance criteria are defined as and Since the influence of the noise is more important while in the steady state, the integral action will start from the mid-time of the simulation, , to the end time, . For one simulation, the performances of the fuzzy-PID controller with three different FRMs are compared in Fig. 11 . And a large amount of simulations have been carried out with the mean performance shown in Table II .
The optimal FRM clearly demonstrates better robustness than the other methods with respect to noise during the fuzzy- PID TABLE II  STATISTICAL PERFORMANCE TO NOISE control processes, although the outer control loop can filter out some influence of the noise.
VI. CONCLUSION
Both the concept and the technique of optimal fuzzy reasoning have been proposed and discussed in this paper, to integrate with fuzzy PID-type of control structures for better robust control. A mathematical model of the optimal fuzzy reasoning has been derived and then compared with other reasoning methods. Based on this quantitative model, both theoretical analysis and numerical simulations have been carried out to study the fuzzy-PID control with different reasoning methods. It is found that a fuzzy-PID control scheme with different reasoning methods becomes different types of nonlinear PID controllers plus a relay. The optimal fuzzy reasoning method brings in more flexibility in tuning their nonlinear gains, which work better for more complex problems. Both analytical and simulation studies have clearly demonstrated that the optimal fuzzy reasoning method can enhance the control system robustness thanks to its optimality and inherent feedback tuning. It therefore works better under complex and realistic environments. And by simulations, we can arrive at the conclusions: total operation time of optimal FRM is about six times that of simplified FRM and about four times that of traditional FRM, which display the computational cost of optimal FRM is not large; the output of FLC with optimal FRM is stable when the control process is stable. The integration of the proposed optimal fuzzy reasoning method and some good control structures seems to have great potential in achieving both local optimal performance and global tracking robustness. 
C. Probability for Robustness
Because the probability when is the same as that when , one only needs to discuss the probability when . First, fix , and then compare of different methods for changing from 0 to 1. In the end, same results are combined and summarized in length of . A smaller means a better robustness.
Comparison of Simplified and Traditional FRMs:
Define the probability for robustness of the traditional (T) FRM being   and  and   and   and   and   and   and and   and   and   and   and   and better than, equal to, and worse than that of the simplified (S) FRM, as and . From (12) and (13) , one can easily compare of the traditional FRM and the simplified FRM. After summarizing the result, one arrives at the conclusion that the traditional one is smaller than, equal to, or bigger than that of the simplified one in length of of , and , respectively, when is fixed in ; and in lengths of of , and , respectively, when is fixed in . These results will be integrated over all the IC area, so to obtain the last equation shown at the top of the page.
Comparison of Other Methods: Similarly, one can compare the simplified and the optimal (O) FRMs, and the traditional and the optimal FRMs. Following the same way as above, one obtains , and , respectively.
